In this paper, we demonstrate some true SLOCC entanglement classes of n qubits which are different from the classes |GHZ and |W .
Introduction
Quantum entanglement is a quantum mechanical resource and plays a key role in quantum computation and quantum information. Recently, many authors have exploited SLOCC (stochastic local operations and classical communication ) entanglement classification. If two states can be obtained from each other by means of local operations and classical communication (LOCC) with nonzero probability, we say that two states have the same kind of entanglement [1] . In [2] , Dür et al. showed that for pure states of three qubits there are six inequivalent SLOCC entanglement classes, of which two are true entanglement classes: |GHZ and |W . In [3] , it was given that a simple criteria for the complete SLOCC classification for three qubits. Miyake studied the onionlike classification of SLOCC orbits and proposed the SLOCC equivalence classes using the orbits [4] . Verstraete et al. [5] discussed the entanglement classes of four qubits under SLOCC and pointed out that there exist nine families of states corresponding to nine different ways of entanglement. But this does not mean that each family consists of a SLOCC class. For example, Verstraete et al. said that the family G abcd includes a state consisting of two EP R pairs: (|0000 + |1111 + |0011 + |1100 )/2, and the four-qubit state |φ 4 [6] . Then, how many SLOCC classes by the definition in [2] does each family have? In [7] , the SLOCC classification for each of the nine families was exploited. In [8] [9] , the authors used the partition to investigate SLOCC classification of three qubits and four qubits. The idea for the partition was originally used to analyze the separability of n qubits and multipartite pure states in [10] . In [9] , the authors reported that they found complete 16 true SLOCC classes of four qubits. By means of the SLOCC invariant [11] , it was shown that the eight "Spans" in [9] includes many more than 16 true SLOCC entanglement classes [11] . Also in [11] , by means of the invariant, at least 28 true SLOCC entanglement classes of four qubits were found.
In this paper, by means of the SLOCC invariant for n qubits, we give some true SLOCC entanglement classes for any n qubits.
Notation: Let i n−1 ...i 1 i 0 be an n−bit binary representation of i. That is, i = i n−1 2 n−1 + ... + i 1 2 1 + i 0 2 0 . Then, let N (i) be the number of the occurrences of "1" in i n−1 ...i 1 i 0 and N * (i) be the number of the occurrences of "1" in i n−2 ...i 1 i 0 , respectively.
For n ≥ 2 qubits, let the state |C
can be written as
It is easy to see that just l ones occur in each basis state of the state |C (l) n . 2 For n ≥ 2 qubits, |C (l) n (1 ≤ l ≤ (n−1)) are true entangled states.
When l = 1 and n = 2, it reduces to Bell state. When l = 1 and n ≥ 3, |C
(1) n is the |W state. Let us consider l > 1 and n ≥ 3. Assume that |C (l) n is a product state. Then, we can write |C (l) n = |φ ⊗ |ω , where |φ is a state of k qubits and |ω is a state of (n − k) qubits. Case 1. If l ones occur in some basis term of |φ , then only zeros occur in each basis term of |ω . It is impossible.
Case 2. If only zeros occur in some basis term of |φ , then l ones must occur in each basis term of |ω . It is also impossible.
Case 3. If t ones, where 1 ≤ t ≤ l − 1, occur in some basis term of |φ , then each basis term of |ω must contain (l − t) ones. Thus, conversely, each basis term of |φ must contain t ones. It says that each basis term of |φ contains t ones and |φ has k t terms, and each basis term of |ω contains (l − t) ones and |ω has n−k l−t terms. Thus, |φ ⊗ |ω has
) is a true entangled state. For example, for n qubits, |C
zeros and two ones occur in each term of the state |C
has n(n − 1)/2 terms. For example, |C
is a true entangled state in [11] .
3 For even n qubits, under SLOCC the classes |C (n/2) n and |C (l) n (2 ≤ l ≤ (n − 2) but l = n/2) are different from each other and from the classes |GHZ and |W , respectively.
Note that the states |C (l) n and |C (n−l) n are equivalent under SLOCC by Lemma 4 in Appendix B. Hence, we only consider that (2 ≤ l ≤ n/2).
In [12] , we defined the following SLOCC invariant τ (ψ) for the state |ψ =
where when n ≥ 4,
In [12] , we mentioned that for any two states |ψ and |ψ ′ of n qubits, if |ψ is equivalent to |ψ ′ under SLOCC, i.e.,
where α, β, γ, ... are invertible local operators, then |ψ and |ψ ′ satisfy the following equation.
The proof of Eq. By calculating, it is straightforward to obtain that for even n-qubit states |GHZ and |W , τ (GHZ) = 0 and τ (W ) = 0. By the corollary, it says that the even n-qubit states |GHZ and |W are inequivalent under SLOCC.
By means of Corollary 1, we demonstrate that for even n qubits, |C (n/2) n and |C (l) n (2 ≤ l < n/2) are inequivalent under SLOCC below.
The classes |C
By the definition in Eq. (1.1), for the state |C
Otherwise, a k = 0. In order to compute τ (ψ), by Remark 1 in [13] τ (ψ) in Eq. (3.1) can be rewritten as
In Eq. (3.5), each term is of the form (−1) 
, there are n n/2 /2 terms being of the form
, and each term has the same sign (−1) n/2 . Hence, by Eq. (3.5),
4 ) = 1 and τ (C
6 ) = 1.
(n/2) n and |C
In order to show that classes |C (n/2) n and |C (l) n (2 ≤ l ≤ (n − 2) but l = n/2) are different from the classes |GHZ and |W , respectively, let us consider the following equation.
where
Lemma 1 in Appendix B says that for n qubits, if |ψ is equivalent to |GHZ under SLOCC then
By means of Corollary 1, we can also verify that the classes |C
) and |GHZ are different under SLOCC. This is because that τ (C (l) n ) = 0 and τ (GHZ) = 0 for even n-qubit.
Lemma 2 in Appendix B says that for n qubits, if |ψ is equivalent to |W under SLOCC then
By means of Corollary 1, we can also verify that the class |C (n/2) n is different from the class |W because τ (C (n/2) n ) = 1 and τ (W ) = 0. Conjecture. Perhaps, the classes |C
n ) = 0. In order to show that the conjecture is true, it is enough to show that D (l) (ψ) = 0 for any state |ψ in the class |C 4 For odd n qubits, the class |C
) are different from the classes |GHZ and |W under SLOCC, respectively.
Note that the states |C (l) n and |C (n−l) n are equivalent under SLOCC by Lemma 4 in Appendix B. Hence, it is enough to consider that (2 ≤ l ≤ (n − 1)/2) in this section.
2)
The proof of Eq. (4.6) is put in Part 2 of Appendix A in this paper. By Eq. (4.6), we obtain the following corollary.
Corollary 2. For odd n qubits, if
A simple calculation also shows that for odd n-qubit states |GHZ and |W , τ (GHZ) = 0 and τ (W ) = 0. By the corollary, it says that the odd n-qubit states |GHZ and |W are inequivalent under SLOCC.
By means of Corollary 2, we demonstrate that for odd n qubits, |GHZ and |C (l) n (2 ≤ l < (n − 1)/2) are inequivalent under SLOCC below. n , we want to show a 2 n−1 +k a (2 n −1)−k = 0. Note that 2 n−1 + k + (2 n − 1) − k = 2 n − 1 + 2 n−1 , whose binary number is 10 11...1 
|C
n , where 2 ≤ l ≤ (n − 1)/2. Hence, the states |C
Conjecture. It seems that the classes |C
n , |C
n , ... , |C
n ) = 0. In order to show that the conjecture is true, it is enough to show that D (l) (ψ) = 0 for any state |ψ in the class |C (2). When one qubit is traced out, tr n (|C 
The following is the argument. ρ 12 = (ρ y ⊗ ρ y )ρ 12 (ρ y ⊗ ρ y ) (by Coffman et al.'s definition [15] ). ρ 12 ρ 12 has the following eigenvalues:
The concurrence of the density matrix
. By symmetry of the state C (l) n , C 1i = C 12 , where i = 2, 3, ..., n.
. By calculating,
. By the definition in [15] , the concurrence C Appendix A: The proofs of the invariant for n qubits
We can rewrite
From (A2) and (A3), it happens that
Proof. By (A1),
By (A1),
So, by (A7),
So, by (A6) and (A8),
Proof. There are two cases. Case 1. 0 ≤ i ≤ 2 n−4 − 1. By the definitions, sign * (n − 1, i) = sign(n − 1, i) and sign(n, i) = sign(n − 1, i). Therefore for the case, sign
) for the case. Consequently, the argument is done by Cases 1 and 2. Part 1. The proof of Eq. (3.4) (for even n qubits) For the proof of the invariant for 4-qubits, see [12] . This proof follows the following Steps 1 and 2.
Step 1. Prove I(a, n) = I(d, n) det(α), where I(d, n) is obtained from I(a, n) by replacing a by d. By lemma 1 above in this appendix, clearly Step 1 holds.
Step 2. Prove
Step 2.1. Prove I(d, n) = I(h, n) det(β), where
Notice that in Step 2.1 we will present the idea which will be used in the proof of Step 2.2 (for general case).
Proof. From (A2),
Then (A9) can be rewritten as follows.
As well, from (A3) we obtain
From (A12), we obtain
where 0 ≤ i ≤ 2 n−2 − 1. Note that from (A10) and (A13), clearly
Let us compute T (i) by using (A11) and (A14). Then we obtain the coefficients of β 1 β 4 , β 2 β 3 , β 1 β 3 and β 2 β 4 in T (i) as follows.
(1). The coefficients of
Then it is easy to see that the coefficient of
Then, the coefficient of
Let j = 2 n−3 − 1 − i. Note that sign(n, 2 n−3 − 1 − j) = −sign(n, j) by the definition. It is not hard to see that the coefficient of β 2 β 3 in I(d, n) happens to be −I(h, n).
(3). The coefficient of
Note that the coefficient of β 1 β 3 in T (2 n−3 − 1 − i) is the opposite number of the one of β 1 β 3 in T (i) because sign(n, 2 n−3 − 1 − i) = −sign(n, i). Therefore the coefficient of
Note that the coefficient of β 2 β 4 in T (2 n−3 − 1 − i) is the opposite number of the one of β 2 β 4 in T (i). As well, the coefficient of β 2 β 4 in I(d, n) vanishes.
From the above discussion, it is straightforward that I(d, n) = I(h, n) det(β).
Step 2.2. For general case
Then I(p, n) = I(r, n) det(η), where
Note that I(p, n) and I(r, n) are obtained from I(a, n) by replacing a by p and r, respectively. Proof. We rewrite
Thus,
By the above discussion,
and
where 0 ≤ k ≤ 2 l − 1. From (A16) and (A17), it is not hard to see that (η 1 r k * 2 n−l +i + η 2 r k * 2 n−l +2 n−l−1 +i )|i n−l−1 +|1 ⊗ 2 n−−l−1 −1 i=0 (η 3 r k * 2 n−l +i + η 4 r k * 2 n−l +2 n−l−1 +i )|i n−l−1 .
Thus, from (A18) p k * 2 n−l +i = η 1 r k * 2 n−l +i + η 2 r k * 2 n−l +2 n−l−1 +i , p k * 2 n−l +2 n−l−1 +i = η 3 r k * 2 n−l +i + η 4 r k * 2 n−l +2 n−l−1 +i ,
where 0 ≤ k ≤ 2 l − 1 and 0 ≤ i ≤ 2 n−l−1 − 1. By using the idea used in Step 2.1 above, from (A19) we can show I(p, n) = I(r, n) det(η). Conclusively, it is not hard to prove Step 2 by repeating applications of Step 2.2. Part 2. The proof of Eq. (4.6) (for odd n qubits) For the proofs for 3 qubits and 5 qubits, see [12] . This proof follows the following Steps 1 and 2 immediately. 
